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Recent general-relativistic extensions of Newtonian rotation laws for self-gravitating sta-
tionary fluids allow one to rederive, in the first post-Newtonian approximation, the well
known geometric dragging of frames, and two new weak-field effects within rotating tori.
These are the recently discovered anti-dragging and a new effect that measures the devi-
ation from the Keplerian motion and/or the contribution of the fluids selfgravity. They
can be applied to the study of the existence of the (post-)Newtonian limits of solutions
and in investigations of inequalities relating parameters of rotating black holes.
Keywords: general relativistic hydrodynamics, rotation laws, gravitational effects, post-
Newtonian approximation
1. Introduction
Stationary Newtonian hydrodynamic configurations — axially symmetric and self-
gravitating — that rotate around a fixed axis, possess two pecularities. This is a
free-boundary problem — its domain has to be found simultaneously with the solu-
tion itself. In addition, the problem is undetermined — traditionally one fixes it by
(almost) freely prescribing the so-called rotation curve, the angular velocities Ω0 of
the particles of a fluid. There exists an integrability condition — that Ω0 and the
angular momentum per unit mass j can be functions of a single variable r, where r
is the distance from the rotation axis. The additional “stability” restriction djdr ≥ 0
of Ref. 1 constrains freedom to choose the angular velocity rather weakly.
General-relativistic counterparts of these systems are also undetermined, but the
way to specify the system is through prescribing the function j(Ω) — the angular
momentum as a function of the angular velocity. This condition can be rephrased
in principle in terms of geometric coordinates, but only through solving a nonlinear
equation that defines the linear velocity. This vague remark shall be explained later;
we want only to say that it is nontrivial to find an admissible form of j(Ω). The
only known rotation law in general-relativistic hydrodynamics had been for a long
time that propoposed by Bardeen and Wagoner2, with j being a linear function
of the angular velocity. Galeazzi, Yoshida and Eriguchi3 have found recently a
nonlinear angular velocity profile. None of these tends in the Newtonian limit
into the Newtonian monomial rotation curves Ω0 = w/r
λ. In this talk we shall
introduce general-relativistic rotation curves j = j(Ω) that in the nonrelativistic
limit exactly coincide with Ω0 = w/r
λ (0 ≤ λ ≤ 2; λ and w are constants). They
comprise, in particular, the general-relativistic Keplerian rotation law that possesses
the first post-Newtonian limit (1PN). The well known Keplerian massless disk of
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dust satisfies our rotation law exactly in the Schwarzschild spacetime.
We shall consider fluids with the polytropic equation of state p(ρ, S) = K(S)ργ ,
where S is the specific entropy of fluid. Then one has specific enthalpy h(ρ, S) =
K(S) γγ−1ρ
γ−1. The entropy is assumed to be constant.
2. Rotation laws in Newtonian hydrodynamics
The Euler equations read
− Ω20r = −∂r(U0 + h), 0 = −∂z(U0 + h); (1)
One easily notices that this system of equations, supplemented by the Poisson
equation ∆U0 = 4piGρ, is closed only if Ω0 is known. Differentiation of the two
equations in (1) with respect to z and r, respectively, and subtraction of the results
yields ∂zΩ0 = 0. The angular velocity depends only on r, the distance from a
rotation axis: Ω0 = Ω0(r). This constitutes the integrability condition.
3. Equations of general-relativistic hydrodynamics
We assume the axially symmetric stationary metric
ds2 = −e 2νc2 (dx0)2 + r2e 2βc2
(
dφ− ω
c3
dx0
)2
+ e
2α
c2
(
dr2 + dz2
)
. (2)
Here x0 = ct is the rescaled time coordinate (c is the speed of light in vacuum), and
r, z, φ are cylindrical coordinates. The metric potentials ν, β, ω and α depend on
r and z only.
The Einstein equations, with the signature of the metric (−,+,+,+), read Rµν−
gµν
R
2 = 8pi
G
c4Tµν , where Tµν is the stress-momentum tensor. We take the stress-
momentum tensor Tαβ = ρ(c2 + h)uαuβ + pgαβ , where ρ is the baryonic rest-mass
density, h is the specific enthalpy, and p is the pressure. The 4-velocity uα is
normalized, gαβu
αuβ = −1. The coordinate (angular) velocity reads ~v = Ω∂φ,
where Ω = uφ/ut.
Define the linear velocity with respect to the locally nonrotating system of ref-
erence
V = r
(
Ω− ω
c2
)
e(β−ν)/c
2
. (3)
The potentials α, β, ν, and ω satisfy equations that have been found by Komatsu,
Eriguchi and Hachisu4. Here we recall a version similar to that used in Ref. 5. The
relevant equations read
∆ν = 4pi
G
c2
e2α/c
2
[
ρ(c2 + h)
1 + V 2/c2
1− V 2/c2 + 2p
]
+
1
2c4
r2e2(β−ν)/c
2∇ω · ∇ω
− 1
c2
∇(β + ν) · ∇ν(
∆ +
2
r
∂r
)
ω = −16piG
c2
e2α/c
2
ρ(c2 + h)
Ω− ω/c2
1− V 2/c2 +
1
c2
∇(ν − 3β) · ∇ω,
October 7, 2018 14:35 WSPC Proceedings - 9.75in x 6.5in MG14˙proceedings page 3
3
where ∇ denotes the “flat” gradient operator. They constitute an overdetermined,
but consistent, set of equations. We omit the remaining Einstein equations, since
they yield corrections of higher orders. The general-relativistic Euler equations are
integrable assuming that the angular momentum per unit mass,
j = uφu
t =
V 2(
Ω− ωc2
) (
1− V 2c2
) , (4)
depends only on the angular velocity Ω; j ≡ j(Ω). For a given j(Ω), one can insert
Eq. (3) into Eq. (4) and find explicit dependence of the angular velocity on spatial
coordinates. It is clear, that this depends crucially on the form of j(Ω).
Assuming j ≡ j(Ω) one gets a general-relativistic integro-algebraic Bernoulli
equation, that embodies the hydrodynamic information carried by the continuity
equations ∇µTµν = 0 and the baryonic mass conservation ∇µ (ρuµ) = 0. It is given
by ln
(
1 + hc2
)
+ νc2 +
1
2 ln
(
1− V 2c2
)
+ 1c2
∫
dΩj(Ω) = C.
4. Rotation laws in general-relativistic hydrodynamics
The general-relativistic rotation law employed in the literature Refs. 2, 4–7, has the
form j(Ω) = A2(Ωc − Ω), where A and Ωc are parameters. In the Newtonian limit
and large A one arrives at the rigid rotation, Ω = Ωc, while for small A one gets
the constant angular momentum per unit mass. A three-parameter expression for
j is proposed in Ref. 3. None of these rotation curves give in the Newtonian limit
the monomial ones.
Two of us have found recently a new family of rotation laws8,
j(Ω) ≡ w
1−δΩδ
1− κc2w1−δΩ1+δ + Ψc2
, (5)
where w, δ, κ = (1− 3δ)/(1 + δ) +O(c−2) and Ψ are parameters.
It is notable that a massless disk made of dust rotating in Keplerian motion is
an exact solution in the Schwarzschild spacetime. The general-relativistic Bernoulli
equation acquires a simple algebraic form8, if δ 6= −1:(
1 +
h
c2
)
eν/c
2
√
1− V
2
c2
×
(
1− κ
c2
w1−δΩ1+δ +
Ψ
c2
) −1
(1+δ)κ
= C. (6)
The seemingly singular case δ = −1, that corresponds to the constant linear
velocity, is also described by the present formalism; one should take a limit δ → −1
in Eq. (5) and some of forthcoming formulae (Ref. 9).
Rotation curves Ω (r, z) ought to be recovered from the equation
w1−δΩδ
1− κc2w1−δΩ1+δ + Ψc2
=
V 2(
Ω− ωc2
) (
1− V 2c2
) .
In the Newtonian limit — the zeroth order of the post-Newtonian expansion
(0PN) — one arrives at Ω0 = w/r
2
1−δ .
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The stability requirement of Ref. 1 imposes the condition δ ≤ 0. These two
constants, w and δ, can be given apriori. Let us remark at this point that the
rotation law (5), and consequently the Newtonian rotation Ω0 = w/r
2
1−δ , applies
primarily to single rotating toroids and toroids rotating around black holes. In the
case of rotating stars one would have to construct a special differentially rotating
law, with the aim to avoid singularity at the rotation axis.
The two limiting cases δ = 0 and δ = −∞ correspond to the constant angular
momentum per unit mass (Ω0 = w/r
2) and the rigid rotation (Ω = w), respectively.
The Keplerian rotation is given by δ = −1/3 and w2 = GM , where M is a mass
(Ref. 8).
The 1PN approximation corresponds to the choice of metric exponents α =
β = −ν = −U with |U |  c2. Define ω ≡ r−2Aφ; it appears that Aφ satisfies
∆Aφ − 2∂rAφr = −16piGr2ρ0Ω0.
The spatial part of the metric
ds2 = −
(
1 +
2U
c2
+
2U2
c4
)
(dx0)2 − 2c−3Aφdx0dφ+(
1− 2U
c2
)(
dr2 + dz2 + r2dφ2
)
. (7)
is conformally flat. Notice that in the Newtonian gauge imposed in (7) the geometric
distance to the rotation axis is given by r˜ = r(1 − U0/c2) + O(c−4). The relevant
post-Newtonian approximation has been discussed in Ref. 8; we shall extract from
therein information on the general-relativistic corrections to the angular velocity.
The angular velocity, up to the terms O(c−4) is given by
Ω =
w
r˜2/(1−δ)
− 2
c2(1− δ)Ω0
(
U0 + Ω
2
0r
2
)
+
Aφ
r2c2 (1− δ) −
4
c2(1− δ)Ω0h0. (8)
This expression can be reduced to Ω = w
r˜2/(1−δ) +
Aφ
r2c2(1−δ) − 4rc2(1−δ)Ω0h0, in the
case of test fluids, at the symmetry plane z = 0. For the massless dust, in the
Schwarzschild geometry, we get Ω = Ω0 =
w
r˜3/2
.
The first term in (8) is simply the Newtonian rotation law rewritten as a function
of the geometric distance from the rotation axis. The second term (denoted as
Ω1,NK in Fig.1) vanishes at the plane of symmetry, z = 0, for circular Keplerian
motion of test fluids in the monopole potential −GM/√r2 + z2. It is sensitive both
to the contribution of the disk self-gravity at the plane z = 0 and the deviation
from the strictly Keplerian motion. The third term (Ω1,geo in Figs 1 and 2) is
responsible for the geometric frame dragging. The last term (Ω1,dyn in Fig. 1)
represents the recently discovered anti-dragging effect; it agrees (for the monomial
angular velocities Ω0 = wr
−2/(1−δ)) — with the result obtained earlier in Ref. 10.
In the following discussion we assume w > 0, which means Ω0 > 0, but the
reasoning is symmetric under the parity operation w → −w. The specific enthalpy
h ≥ 0 is nonnegative, thence − 4Ω0h01−δ is nonpositive — the discovered in Ref. 10
instantaneous 1PN dynamic reaction slows the motion: it “anti-draggs” a system.
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In contrast to that, the well known geometric term with Aφ is positive
10, and the
contribution
Aφ
r2(1−δ) to the angular velocity is positive — it pushes a rotating fluid
body forward. Thus the last two terms in (8) counteract.
The specific enthalpy h0 vanishes for dust, hence dust test bodies are exposed
only to the frame dragging. For the rigid (uniform) rotation the correction terms
are proportional to 1/(1− δ) and they vanish, because δ = −∞.
Figure 1 displays contributions of each of the particular effects at the symmetry
plane z = 0 of the disk; notice that the anti-dragging can prevail the geometric
dragging. Figure 2 in turn demonstrates that the sum of all three contributing
effects can be much larger than the geometric counterpart.
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Fig. 1. The contributions of particular effects within the disk, z = 0.
5. Concluding remarks
We present general-relativistic rotation laws and derive a full form of the new weak-
fields effects, including the recent dynamic anti-dragging effect of Ref. 10. The latter
can be robust according to the numerics of Ref. 10, but the ultimate conclusion
requires a fully general-relativistic treatment with the new rotation laws. It is
conjectured that in some active galactic nuclei11 the frame dragging can manifest
through the Bardeen-Petterson effect12. The two other effects may lead to its
observable modifications in black hole systems with heavy disks. In the weak field
approximation the angular velocity of toroids depends primarily on the distance
from the rotation axis — as in the Newtonian hydrodynamics — but the weak
fields contributions can make the rotation curve dependent on the height above the
symmetry plane of rotation.
The new rotation laws would allow the investigation of self-gravitating fluid
bodies in the regime of strong gravity for general-relativistic versions of Newtonian
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Fig. 2. The combined effect (the green line) and the geometric dragging (red line) within the
dist, z = 0. Here Ω1 = Ω1,NK + Ω1,dyn + Ω1,geo
rotation curves. In particular, they can be used in order to describe stationary heavy
disks in tight accretion systems with central black holes, for instance in products
of the merger of compact binaries (pairs of black holes and neutron stars) (Refs. 13
and 14), but they might exist also in some active galactic nuclei.
These rotation laws can be applied to the study of various open problems in the
post-Newtonian perturbation scheme of general-relativistic hydrodynamics — the
investigation of convergence of the post-Newtonian pertubation scheme, as well as
the existence of the Newtonian and post-Newtonian limits of solutions. They can
be used to test the accuracy of recent inequalities relating the angular momentum,
the mass and area of black holes15,16.
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